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The unsteady inviscid two-dimensional flow field and the wave configurations which
result when a supersonic vehicle strikes a planar oblique shock wave were modelled and
analytically predicted using some approximations and simplifying assumptions. Based
on the two- and three-shock theories together with the geometric shock dynamics
theory, both regular (windward) and irregular (leeward) shock-on-shock (S-O-S)
interactions were investigated, and the transition criterion between them was suggested.
For the case of regular S-O-S interaction, the transmitted shock wave reflects over the
vehicle body surface either as a regular (RR) or a Mach reflection (MR) depending on
the inclination angle and the strength of the impingement shock wave. A pronounced
peak surface pressure jump was found to exist during the transition from RR to MR.
A RR < MR transition criterion when the flow ahead of the shock pattern is not
quiescent was proposed. Predictions based on the model developed here are superior
to those of approximate theories when compared to the available experimental data
and numerical simulations.

1. Introduction

The interest in better understanding the unsteady flow field that results when a
supersonic vehicle intercepts a planar oblique shock wave travelling in the opposite
direction was initiated in the early 1960s. The interaction of the oblique shock wave
with the vehicle bow shock wave was termed in the literature a shock-on-shock (S-O-S)
interaction. The study of S-O-S interaction today is of interest for both theoretical
and practical reasons.

Two examples of S-O-S interactions are shown schematically in figure 1. In figure
1(a), a supersonic aircraft (drawn for simplicity as a wedge) travels towards an
explosion-generated blast wave. In figure 1(b), two supersonic aircrafts fly in opposite
directions and pass near one another.

Attention was focused on the S-O-S interaction as part of the need to determine the
strong blast-induced transient pulse produced at the surface of the supersonic vehicle
because of the belief that the forces generated could be structurally damaging, and to
answer the question of whether such an encounter could induce high-frequency
disturbances capable of destroying the internal structure or appended equipment.

A brief well-written summary of the developments in the study of S-O-S interactions,
since one of the first theoretical works by Smyrl (1963), is given in Kutler, Sakell &
Aiello (1975), who numerically investigated the two-dimensional S-O-S interaction. In
a successive study, Kutler & Sakell (1976) presented a numerical investigation of the
three-dimensional S-O-S interaction.

The pre-interaction flow fields in an inertial (laboratory) frame of reference and in
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FIGURE 1. Examples of S-O-S problems: («) an interception of a supersonic vehicle with a blast
wave; (b) an encounter between two supersonic vehicles travelling in opposite directions.

Bow (wedge) shock wave

Incident (impingment)
shock wave

1)

FIGURE 2. Definition of the flow parameters and domains in (a) a laboratory frame of reference
and (b) a frame of reference attached to a travelling wedge.

wedge (i.e. supersonic vehicle)-fixed coordinates are shown in figures 2(a) and 2(b),
respectively. An incident (impingement) shock wave, whose intensity is M, is seen to
propagate from left to right towards a quiescent flow region (0). The incident-shock-
induced flow region is (2) and its flow Mach number is MZ. In addition, a supersonic
wedge whose Mach number is M is seen to propagate from right to left. The bow-
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FIGURE 3. Schematic illustration of the wave configuration and the flow field of a regular S-O-S
interaction and definition of the flow parameters and the flow domains. (¢) Regular reflection on the
wedge surface; (b) Mach reflection on the wedge surface.

shock-induced flow region is (1). (Note that in general the angle of attack of the wedge
is not necessarily zero and hence the lower and the upper bow shocks can have different
angles of incidence (i.e. strengths).) By superimposing, on the flow field shown in figure
2(a), a velocity equal and opposite to that of the supersonic wedge, the flow field shown
in figure 2(b) is obtained. In this case of wedge-fixed coordinates, the wedge is
stationary, the flow Mach number in region (1) is M and the flow Mach number
behind the incident shock wave is M,. Its orientation relative to the horizontal
direction is .

The interaction of the incident and bow shock waves can lead, in general, to two
types of S-O-S interaction, namely regular and irregular. Schematic illustrations of
these two types of interaction, which are consistent with experimental observations and
numerical simulations, are shown in figures 3 and 4, respectively. Detailed descriptions
of the wave configurations and the associated flow fields are given in subsequent
sections. For the regular S-O-S interaction shown in figure 3, which usually occurs in
the windward side of a flying vehicle, the region of the flow field of most interest is at
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FIGURE 4. Schematic illustration of the wave configuration and the flow field of an irregular
S-O-S interaction and definition of the flow parameters and the flow domains.

the body in the vicinity of the transmitted shock wave. This shock wave can reflect
regularly (regular reflection) or irregularly (Mach reflection), depending on its strength
and orientation. Major interest is given to the incident shock angle that yields the
transition between regular and Mach reflection, for it is this encounter angle that
results in the largest surface pressure at the body. Regarding the irregular S-O-S
interaction, the aim of this study is to predict the trajectory angle of the intersection
point as well as the transition criterion between the regular and the irregular S-O-S
interactions.

Each of the existing theoretical approaches (e.g. Smyrl 1963; Blankenship 1964 ;
Miles 1965; Inger 1966 ; Hudgins & Friedman 1973), involves simplifying assumptions
about the S-O-S interaction flow field, for instance weak blast waves, thin or slender
vehicles, replacement of curved shock waves by straight ones, etc. For an experimental
investigation, it is extremely difficult to set up a given encounter. The numerical
simulations have the drawbacks of the high resolution of wave configurations and
considerable CPU time cost for the S-O-S interaction which contains complex wave
systems and a number of independent variables.

This study attempts to analytically formulate the S-O-S interaction for any set of
initial conditions without the simplifications used in the earlier theoretical approaches,
and to get a better understanding of the physical mechanism of the S-O-S interaction.
In addition, the S-O-S interactions provide the environment where two moving shock
waves can irregularly intersect, and the transmitted shock wave reflects both regularly
and irregularly over the surface in the flow ahead of itself. In the present study,
transition criteria for both regular/irregular S-O-S interaction and regular/Mach
reflection are proposed.

2. The present study
2.1. Analysis of the wave configuration and flow field

The regular S-O-S interaction can be subdivided into two types whose wave
configurations are shown in figure 3. In both wave configurations, the incident (i) and
bow (b) shock waves intersect at point A. As a result, the bow shock wave is refracted
and the incident shock wave is transmitted. The flow field around the interaction point
A is complemented by a slipstream which separates the flow fields behind the refracted
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Oblique shock
FIGURE 5. Definition of the parameters across an oblique shock wave.

(r) and transmitted (t) shock waves (regions (4) and (3), respectively). Note also that
owing to the change in the flow conditions at the leading edge of the wedge a new bow
shock wave is formed. As mentioned earlier, the transmitted shock wave (t) can reflect
over the wedge surface either as a regular reflection (RR), as shown in figure 3 (a), or
as a Mach reflection (MR), as shown in figure 3 (b). The definition of the flow domains
and relevant parameters is also shown on figures 3(a) and 3(b).

The flow field around point K, where the reflected shock wave (RK of the RR shown
in figure 3a or TK of the MR shown in figure 35) intersects the primary slipstream
emanating from point A, is complemented by a transmitted reflected shock wave, KQ,
an expansion fan and a secondary slipstream. The curved transmitted reflected shock
wave KQ interacts with the refracted shock wave (r) at point Q. The interaction results
in a new stronger curved shock wave, QC, complemented by a slipstream emanating
from point Q. The curved shock wave QC and the new bow shock wave interact and
smoothly merge at point C. The downstream disturbances can reach point B. The arc
BD shown in figures 3 (a) and 3(b) is a sonic line. The part of the new bow shock wave,
OB, is straight, since it is not caught up by any disturbance.

The irregular S-O-S interaction results in the wave configuration shown in figure 4.
Unlike the regular S-O-S interaction wave configurations, here the incident and the
bow shock waves do not intersect. Instead, they become parts of the two triple points,
E and F, which are bridged by a common Mach stem (m) complemented by two
slipstreams emanating from them. The transmitted shock wave (t) is smoothly turned
to become perpendicular to the wedge surface. The refracted shock wave (r’) interacts
with the new bow shock wave (b”) to result a wave configuration similar to that shown
in figure 3 for the regular S-O-S interaction case.

The solution of the unsteady S-O-S interactions is based on the fact that the flow
field is self-similar with respect to time. This is because no characteristic length is
associated with the body and the incident shock wave is planar. Therefore, by applying
the appropriate self-similar transformation to the unsteady gasdynamic equations, the
unsteady problem can be made steady and be solved analytically.

2.2. General governing equations for an oblique shock wave

Consider figure 5 where an oblique shock wave is schematically shown. The flow states
ahead and behind it are (i) and (), respectively. The angle of incidence between the
oncoming flow, whose Mach number is M, and the oblique shock wave is ¢;. While
passing through the oblique shock wave the flow streamline is deflected by an angle of
0.

IR
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The conservation equations relating states (i) and () for a steady inviscid flow of a
perfect gas are (for details see Ben-Dor 1991)

conservation of mass

piu;Sing; = pu;sin (¢;—0)), (1a)
conservation of normal momentum
P+ p;uisin®¢; = B+ p;ujsin® (¢, —0)), (1)
conservation of tangential momentum
p;tang; = p,tan(¢;—0,), (1¢)
conservation of energy
v P 1, v B 1, ..
7/TP—E+§u§sm2¢j :ﬁp—;—kzufsmz(qﬁj—ﬁj), (1d)

where u is the flow velocity, P is the pressure, p is the density and v is the specific heat
capacities ratio. The above equations can be combined to read

_ . [2cot¢(M?sin® ¢, —1)

0]' - F(y» Mia ¢]) - drCtdn[ MQZ(Y+COS2¢)+2 s (2a)

_ _{l+(y—1)M?sin®* ¢, +[1(y + 1)* —ysin® ¢,] M} sin® ¢ }'/*
My = G0 Mo @) = zsint g, Sy — DIy — D Mesinzg e ipe @7
b _ 1 pa g o .
P H(y,M;, ¢;) = y+1[27M¢ sin® ¢, —(y —1)], (2¢)

and

a; _ [y —=1) M}sin® ¢, +2]V*[2y M} sin* ¢, — (y — )]

a;, Wy M, b)) = (y+1)M;sin g, . (2d)

where M = u/a is the flow Mach number and « is the local speed of sound.

In the following, analytical models for solving the wave configurations associated
with both regular and irregular S-O-S interactions are developed. The solution is
constructed by formulating the appropriate governing equations around points at
which the various discontinuities intersect and applying, whenever necessary,
appropriate matching conditions.

2.3. Analytical solution of a regular S-O-S interaction

2.3.1. Solution of the bow shock wave
The flow fields on both sides of the bow shock wave emanating from the leading edge
of the wedge (see figures 3 a and 3 ) are described by the following equations which are

simply obtained from (2a) to (2d):

02{) = F(V’Moga/[))), M1 = G(’yaM%)ﬁ)’ (3a’ b)
P =FRHyM,p). a =a,W(y,M,,Pp), (e, d)
where M is the free-stream Mach number, / is the angle of incidence of the bow shock

wave as shown in figure 3(a), and 6,, = 0+ «, where ¢ is the half-wedge angle and « is
its angle of attack.
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FIGURE 6. Definition of the parameters around point A of figures 3(a) and 3(b).

2.3.2. Solution around point A (figure 3a or 3b)

The flow field around point A at which the incident (impingement) and the bow
(wedge) shock waves intersect is shown in figure 6, which, in fact, is a detailed
enlargement of the appropriate parts in figures 3(a) and 3(b). Since the frame of
reference is attached to point A, all the dynamic properties, which are frame-of-
reference dependent are appropriately marked.

The velocity of point A to which the frame of reference is attached is

M+ M, cos 4
~ cos(B+A) o @)
where M, is the impingement shock wave Mach number, A is its angle of propagation
with respect to the horizontal direction (see figure 2). Note here that A is an algebraic
quantity and is positive as shown in figure 3. In the frame of reference attached to point
A the flow parameters in region (0) can be expressed as

M(A) = [(%)2+M§C—2%MOC cosﬂ]m, 5)
7 = arctan (VA co? /),S Tf; p ), (6)
$i(A) = n—p, (7
Po(A) = gm—A—1. (8)
By applying the oblique shock wave relations, one simply obtains
0,(A) = Fly, M;(A), ¢,(A)], (a—d)
M, (4) = Gy, My(A4), $,(A)], (10a-d)
P(A) = P(A) H[y, M(A), $,(A)], (11a-d)

a(A) = a;(A) Wy, M(4), $,(4)], (12a-d)
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FIGURE 7. Definition of the parameters around (a) point R of the regular reflection shown in figure
3(a) and (b) point T of the Mach reflection shown in figure 3 ().

where j = 0 and k = 2 for the incident (impingement) shock wave (i), j =0 and k =1
for the original bow (wedge) shock wave (b), j=2 and k =4 for the refracted
shock wave (r), j = 1 and k = 3 for the transmitted shock wave (t).

The matching conditions across the slipstream separating regions (3) and (4) are

0y(A) = 0,(A) = 0,(4)—0,(A), (13)
Fy(A) = B(A). (14)

Equations (4)—(14) consist of 23 equations and the following 23 unknowns: V,, 7,
¢1(A)’ ¢2(A)9 ¢3(A)9 ¢4(A)a 01(14)9 HZ(A)’ 63(‘4)9 64(‘4)9 MO(A)n MI(A)a MZ(A)9 MS(A)D
M,(A), P(A), P(A), P(A), P(A), a,(A), a,(A), a,(4) and a,(A4). Consequently, the set
is complete and solvable provided M _, A, a, and P, are known, as indeed is the case.

As mentioned in the Introduction the transmitted shock wave (t) can reflect at
the wedge surface either as a regular reflection (RR) or as a Mach reflection (MR).
Detailed descriptions of the flow fields associated with these regular and Mach
reflections are shown in figures 7(a) and 7(b), respectively. The frame of reference is
attached to the reflection point, R, when solving the RR and to the triple point, T,
when solving the MR.
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2.3.3. Solution of the case with a regular reflection

Since the frame of reference is attached to the reflection point R, the flow properties
in region (1) which have already been solved in a frame of reference attached to point
A must be first transformed with the aid of the following relations:

B3s(R) = $(A)+ §,(A) —0,(A) + f—0,, (15)
M,(R) = M,(A)sin ¢,(4)/(sin p,(R)), (16)
P(R) = K (4), (17)
a,(R) = a,(A). (18)
The oblique shock relations result in
0,(R) = Fly, My(R), $,(R)], (194, b)
M (R) = Gly, M(R), $,(R)], (204, )
P(R) = P(R) H[y, M)(R), $,(R)], (2la, b)
a,(R) = a,(R) W[y, Mj(R), ¢,(R)], (22a, b)

where k = 3 and j = 1 for the shock wave AR, k = 5 and j = 3 for the shock wave KR.
The boundary condition of the regular reflection implies that

05(R)—05(R) = 0. (23)
The set of equations (19)—(23) consists of nine equations and nine unknowns, namely

0,(R), 05(R), M,(R), M (R), P,(R), P(R), a,(R), a;(R), and ¢,(R). Consequently, the set
is complete and solvable in principle.

2.3.4. Solution of the case with a Mach reflection

Since the frame of reference is attached to the triple point T, the flow properties in
region (1) which have already been solved in a frame of reference attached to point A
must first be transformed. The velocity of the triple point T in the laboratory frame of
reference is

_ M\(A)singy(4) + M, sin[y + ¢y(4) — 0,(4) - 0,,]
sin [y + ¢y(A4) —6,(A) — 0, — x 1] v
where, y,, the triple-point trajectory angle, is the angle between the wedge surface and

the trajectory of the triple point T.
The angle ¢,(7T") can be obtained from

v, (24q)

$3(T) = n+¢5(A) —0,(4)—0,,— ¢, (240)
_ Vysin yp
where { = arctan ( Vrcos yy— M, a1) . (24¢)

In the above equations, M, and «, are the Mach number and the speed of sound of the
flow in region (1) in the laboratory frame of reference, respectively. Note that they have
already been calculated by (3b) and (3d).
The above-mentioned transformation is performed with the aid of the following
relations:
M(T) = M,(A)sin ¢,(4)/(sin g, (), (25)

P(T) = P(4), (26)
a(T) = a,(A). 27)
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FIGURE 8. Definition of the parameters around point K of figures 3(a) and 3 (b).

The oblique shock wave relations result in

0,(T) = Fly. M(T). $,(T). (28a-0)
M(T) = Gly. M{(T). $,(T)). (29a-0)
P(T) = P(T) Hly. M(T). $(T)l, (30a-0)
a,(T) = a(T) Wly. M(T). ¢(T)l, (3la-o

where k = 3 and j = 1 for the shock wave AT, k = 5 and j = 3 for the shock wave KT,
k =6 and j = 1 for the shock wave TG (i.e. the Mach stem of the MR).
The matching conditions across the slipstream are

P(T) = F(T), (32)
0,(T)—05(T) = 04(T). (33)

Assuming that the Mach stem, TG, is straight and perpendicular to the wedge surface
results in

po(T) = n—C. (34)

Equations (25)—(34) consist of 21 equations and 21 unknowns. The unknowns are
Vs & 0T, 04(T). 04(T), M\(T), M(T), My(T), M(T), P(T). P(T), B(T), B(T),
a,(T), a,(T), a,(T), ay(T), ¢5(T), ¢5(T), ¢s(T) and y,. Consequently, the set of
equations is complete and solvable in principle.

2.3.5. Solution around point K (figure 3a or 3b)

As shown in figures 3 (a) and 3(b), the reflected shock wave of either the RR or the
MR intersects the slipstream emanating from point A at point K. The resulting wave
configuration is shown in figure 8. The velocity of point A in a frame of reference
attached to point K, V,(K), can be obtained from the following relations:

04-0K 4K

Vi) = V= Vid = =075 =0

(35)

whereV, and Vj are the velocity vectors of points A and K in a laboratory frame of
reference, and At = OA4 /V,, is the time elapsed since the S-O-S interaction started.
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FIGURE 9. Geometrical relations between points O, A, R, K and Q of figure 3(a).

Applying the sine-law for the triangle AOK (figure 9) and combining with equation
(34) results in

S v, sin (=0, ~ )
PR = IV = o g, (4 00+ 0) 0, G0

Since the solution of the flow field around point K is done in a frame of reference
attached to it, the flow properties in regions (3) and (4), which have already been solved
in previous stages, must be transformed appropriately. This transformation is
performed with the aid of the following expressions:

My(K) = My(A)—V,(K)/ay(K), My(K)=M(A)—V,(K)/a(K), (37a,Db)
as(K) = a3(A), a4(K) = a4(A), (37¢, d)
P(K) = P(A4), P(K) = F(A). (37e, /)

¢5(K) can be obtained using geometrical relations of the triangle ARK (figure 3a) or
of the triangle ATK (figure 35). In the following only the equations associated with the
RR (figure 3a) are derived, since those associated with the MR (figure 35) are similar.
An inspection of the triangle ARK (see figure 9) together with figures 6 and 7 implies
that

$5(K) = ¢5(R) + $3(R) + 05(A) — $5(A) — O3(R). (38)

The trajectory angle of point K, y, can be obtained by applying the sine law to three
triangles, OAR, PKR and AKR, as shown in figure 9, which results in

sin y e sin [@y(A) — 0,(4) + 7 — /7] sin (f—0,,) sin[$5(A4) — 05(4)] (39)

sin [XK + ¢»(R) - 05(R)] B sin [¢5(R) + ¢3(R) + 03(/4) - ¢3(A) - 63(R)] ‘

Now we are at the stage of solving the flow field around point K which, as shown
in figure 8, consists of two shock waves, KR (or KT) and KQ, two slipstreams, KA and
KN, and one centred expansion fan. The flow field across the two oblique shock waves
can be obtained with the aid of the general oblique shock relation

0,(K) = Fly, M(K), ¢ (K)], (404, b)
M(K) = Gy, M(K), ,(K)], (41a, b)
P(K) = P(K) H[y, M(K), p (K)], (424, b)
a,(K) = a,(K) W[y, M(K), (K], (434, b)

where i = 5 and j = 3 for the shock wave KR, i = 8 and j = 4 for the shock wave KQ.
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The relations across the centred expansion fan which connects regions (5) and (7) are
VM (K)] = v[M(K)]+0,(K), (44)

144y — l)MQ(K)]W“/‘”
P(K) = P(K 2 5 s 45
100 = 209 @)
B S L
where the Prandtl-Meyer function v(M) is defined as follows:
1/2 _ 1/2
(M) = (7/—“) arctan [yl (M?— 1)} —arctan (M *—1)"2,
y—1 y+1
The matching conditions across the slipstream, KN, are
P(K) = R(K), (47)
05(K)+0.(K) = 04(K). (48)

The set of equations (40)—(48) is complete and solvable since it consists of 13 equations
and 13 unknOWnS, namely 05(K)7 67(K): 68(K)5 M5(K)7 M7(K)7 MS(K)’ a5(K)7 a’?(K)s
ay(K), P(K), P(K), P(K) and y.

2.3.6. Solution around point Q (figure 3a or 3b)

The velocity of point A in a frame of reference attached to point Q, i.e. V,(Q), can
be expressed as (see figures 9 and 10)

Vi(Q)/A0 =V,/04. (49)
Applying the sine law to triangle OAQ and combining with (49) yields

B V,sin(f—0,,—xo)
V;l(Q) N sin [/J)— ﬁw —Xe + ¢1(A) - Hl(A) - ¢EA) + '94(/4) + 0:3(/4)] ' (50)

The flow Mach number in region (2) relative to point Q can be found from figure 10 (a)
by applying the cosine law:

M,(Q) = {M§(A) N [VA@T M4 V(0)

a,(Q) ax(Q)

Applying the sine law and rearranging results in
M,(Q) a,(Q)
Vi(Q)

where a,(Q) = a,(A) and P,(Q) = P,(4). The above equations are sufficient to obtain
M,(Q) and ¢,(Q). By using the oblique shock relations one can get (see figure 105)

1/2
cos[g (AN (51)

$.(0) = ¢4<A>+arcsin[ sin ¢4(A)], (52)

0,(Q) = Fly, M(Q), $,(D)], (53a-0)
M(Q) = Gly, M(Q), $,(Q)], (54a—c)
F(Q) = B(Q) Hly, M)(Q), $,(D)], (55a—¢)
a,(Q) = a,(Q) Wly, M(Q), ¢,(D)], (56a—c)

where k = 4 and j = 2 for the shock wave QA, k = 9 and j = 2 for the shock wave QC,
k =8 and j = 4 for the shock wave QK.
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@)

V.(Q)/a,(Q)

FIGURE 10. (a) The velocity vectors around point Q; (b) definition of the parameters around
point Q of figures 3(a) and 3(b).

The matching conditions across the slipstream are

Q) = (D) (57)
0,(Q) = 05(Q) = 0,(Q). (58)

The set of equations (53) to (58) consists of 14 equations and 15 unknowns, that is
0,(0). 0,(0), 0,(0), M,(Q). M(0), M(Q). P(Q). P(Q). B(0), a,(0). ay(Q). ay(Q).
?5(Q), §o(Q) and y,. To complete this set of equations an additional equation is
required.

The curved shock wave KQ is disturbed by the expansion waves reflected from the
wedge surface. If one assumes that these expansion waves are simple waves then by
using the geometrical shock dynamics theory (see Han & Yin 1993) one can get

0,,(0)—0,(K) = f EQ [(1\42—12)/1(1\4)]1/2 m, (59a)
A(M) = [2(2ﬂ Fl+ M) (1 JFVJZrl ! 72)_1]’ (595)

(59¢)

_ 2 1/2
ind Iu:[(}/ M +2} ,

2yM*—(y—1)
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FIGURE 11. Schematic illustration of the new bow shock wave and definition of parameters.

where 0,.(0Q) and 60,,(K) are the orientation angles of the curved shock KQ at points
Q and K, respectively. M and M, are the strengths of the curved shock wave KQ at
points K and Q, respectively, and A(M) is a slowly varying function. A(M) = 0.5 for
M1 and A(M) = 0.4 for M 0.

It is clearly evident from figure 10(b) that

My = M(K)sin[¢y(K)l, My =M (Q)sin[py(Q)], (59d, ¢)

0,4(K) = 31+ f+$1(A) +0,(A) — 0,(A) — p(K), (59)

043(Q) = /*/7) + ¢1(A) + 04(/1) + 03(‘4) + ¢4(Q) + ¢8(Q) - ¢4(A) - 01(14) - 04(Q) _%7';'59 )
g

Since (M;—M,)/M; <1, A(M) can be regarded as a constant. Consequently,
equation (59a) can be rewritten as

M, = cosh{cosh™ (M) +(4/2)"*[0,(K)—0,(Q)]}. (60)

Equation (60) completes the set of equations (53)—(58) which as noted earlier lacked
one equation compared to the number of its unknowns.

2.3.7. Solution of the new bow shock
The new bow shock results from the interaction of the incident (impingement)

shock-induced flow with the wedge. As shown in figure 2 (), the angle between the flow
direction and the horizontal axis, ¢, can be expressed as

M (A)sin [y +0,(A)] = (Vss/a,) sin /)’}

(V1 az) cos f— M(A)cos [ + O(A)] (1)

€= arctan{

Similarly, the induced-flow Mach number in a laboratory frame of reference, M,, is

M, = {M3(A)+(V,/a,)* —2M,(A4) (V,/ay) cos [$,(A) + O,(A)]}2. (62)
Applying the oblique shock relations results in
0,+e¢=Fry,M,, " +e), (63)
M,y = Gy, M,, ' +e), (64)
ayy = a, H(y, M,, ' +e), (65)
Py =P, W(y, M,, f +e), (66)

where as shown in figure 11, §” is the angle of incidence of the new bow shock. As
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shown in figure 3 (@) the straight new bow shock interacts with the shock wave issuing
from point Q. The interaction results in a curved portion of bow shock, BQ.

Similar to the analysis of Li, Ben-Dor & Han (1994), two families of disturbances
propagate along the shock BQ. One starts at B and the other starts at Q. Let us assume
that these disturbances cannot cross each other and that they meet at point C. From
a shock dynamics point of view, the shock waves BC and QC are disturbed by simple
waves. By using the shock-expansion relations one can get

0,.(B)—0,,(C) = ﬂ : [M]mdM, (68)

where as shown in figure 11, 6,,(0), 0,,(C) and 6,,(B) are the shock orientations at
points Q, C and B, respectively, and M,, M. and M, are the strengths of the shock
waves at points Q, C and B, respectively. In addition,

My = M(Q)singy(Q), M, = M,sin(f +e), 694, b)
0,(Q) = 31+ B+ $4(Q) + $1(A) +0,(4) + 0,(A) — 0,(4) — §,(A) — $4(Q),  (69¢)
0,(Q) = g+ 4. (69d)
The locations of points B and D are
OB a9 ’ 2 a2 1/2
i 7A{M10008(ﬁ —0,)—[1 =M sin* (' —0,)]'*, (704)

@ _ %o sin [¢,(A4)—0,(4)+7—0,] .
OR  Visin[py(4)—0,(A)+n—p]
The shape of the curved shock wave BCQ can be expressed as two second-order

polynomials which match at point C. Since the derivation is similar to that done by Li
et al. (1994), only the final results are given subsequently.

(705)

2.4. Analytical solution of an irregular S-O-S interaction

The irregular S-O-S interaction wave configuration is shown in figure 4. The incident
(impingement) shock interacts with the bow shock, which produces a Mach stem EF.
The points E and F can be regarded as two triple points.

2.4.1. Solution around points E and F
The velocity of point E in a laboratory frame of reference is
M, +M_ cosA

Ve = cos(XE+0w+)t)a"’ 7

where y,, as shown in figure 4, is the trajectory angle of point E. Note that A is negative
in figure 4.

In a frame of reference attached to point E (see figure 12) the flow parameters in
region (0) can be obtained using the following relations:

M(E) = [(Vg/ay)* + M3 —2(Vy/a)) M, cos (xz+0,)]'"?, (72)
Po(E) = sn—E—A, (73)
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FIGURE 12. Definition of the parameters around point E for the irregular S-O-S interaction
shown in figure 4.

and £ = arctan [ Vi sin (i +0,,) ] . (74)

Vicos(xp+0,)—M, a,

Applying the oblique shock wave relations to the shock waves shown in figure 12
results in

0,(E) = Fly, M|(E), $,(E)], (75a-c)
M(E) = Gy, M{(E), ¢,(E)], (76 a—c)
PAE) = P(E)H[y, M{(E), ¢,(E)], (77a-c)
ai(E) = a)(E) Wy, M(E), $,(E)], (78a-c)

where j = 0 and k£ = 2 for the incident (impingement) shock wave (i), j = 0 and k = 5
for the shock wave (m), j = 2 and k = 4 for the shock wave (r).
The matching conditions across the slipstream are

P(E) = P(E), (79)
0,(E)—=0,(E) = 0,(E). (80)

Equations (71)—(80) consist of 18 equations with 19 unknowns, i.e. Vj, 60,(E), 0,(F),
0,(E). My(E), M(E), M(E). M(E), P(E), P,(E), PE). $,(E). $,(E), $,(E), a(E).
a,(E), ay(E), y(E) and &. Therefore, an additional equation is needed to complete this
set. Experimental photographs indicate that the Mach stem EF is short and only
slightly curved. Consequently the assumption that the Mach stem is straight seems to
be reasonable.

If the shock wave EF is assumed to be straight, the velocity of point F in a laboratory
frame of reference (see figure 4), V},, can be easily found by applying the sine law to the
triangle OEF, i.e.

OF sin(LOEF) _ _ sin[£+¢5(E)—yxz—0,]

Ve =g = Vrsin(LOFE) ~ " sinlgy(B) +E— 7]

(81)
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FIGURE 13. Definition of parameters around point F for the irregular S-O-S interaction
shown in figure 4.

The flow parameters in region (0) in a frame of reference attached to point F (see figure
13) can be obtained using the following expressions:

M(F) = [(Vi/ap)* + M3 —2(Vi/ay) M, cos f]'2, (824)

P5(F) = o+ n—¢;(E)—E, (820)

$(F) =o—p, (8lc)

and o= arctan[V coZF/;i—nf/I - ] (82d)

Applying the oblique shock wave relations to the oblique shock waves shown in figure
13 results in

0,(F) = Fly. M(F), $(F), (83a-c)
M,(F) = Gly, M(F), $(F)], (84a-c)
P(F) = B(F) Hly. M/(F). $,(F)] (85a-¢)
a(F) = a(F) Wy, Mi(F). ,(F)] (86a-c)

where j = 0 and k = 1 for the bow shock wave (b), j = 0 and k = 5 for the shock wave

(m), j =1 and k = 3 for the shock wave (t).
The matching conditions across the slipstream are

Py(F) = B(F), (87)

0,(F)—0,(F) = 0,(F). (88)

Equations (81)—(88) consist of 19 equations with 18 unknowns, i.e. Vg, 0,(F), 0,(F),

0(F), My(F), M(F), My(F), M(F), P(F), P(F), PF). a,(F), a,(F). a,(F), $,(F).

d4(F), ¢5(F) and o. By combining the two sets of equations (75)—(80) which has one

extra unknown and (81)—(88) which lacks one unknown, one obtains a new combined

set, which consists 37 equations with 37 unknowns. The solution of this set provides,
simultaneously, the solutions of the flow fields around points E and F.

2.4.2. Shapes of the new bow shock and the transmitted shock

The shape of the new bow shock can be obtained by using the method outlined
earlier for calculating the shape of the shock wave KQ (see figure 35). Consequently,
in the following only the shape of the transmitted shock FH (see figure 4) is dealt with.
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If one assumes that only simple waves propagate along the transmitted shock, FH, and
cause it to curve, then the following relations which arise from the shock dynamics
theory are self-explanatory:

0,—0, = J:H [(Mz—lz)A(M)]l/Q dm, (89)

where 6, and 6, are the shock wave orientation angles at points F and H, respectively,
and M, and M, are the strengths of the shock wave at points F and H, respectively.
Since the shock wave FH is perpendicular to the wedge surface at point H,

6H = 07,09 (90)
Op = 1(F) + ¢5(F) + f—0,(F) =, o1
and M, = M (F)sin ¢,(F). (92)

Thus, M, can be obtained from
My, = cosh {cosh™ [M,(F) sin gb,(F)] +2A4"2 (b4 0,(F) + 6, — 6, (F) — 6,(F) — A1}
93)

under the assumption that (M,— M)/ M, < 1. The length of OH can be calculated
from
OH = OF M, a,/V,. (94)

Assuming that the shape of the shock wave FH can be expressed by a third-order
polynomial, e.g.
X=Xy =a(y—yg)+b(y—yu)’ 95a)

where x,; = OH and y, = 0. The coordinates of point F (x, ) and the slope of the
curve at point F are

xp=OF cos(f—0,). vy =OFsin(f—0,), (955, ¢)
and dx/dy|, = tan(0,—0,). (95d)

Consequently, the expression for the shape of the shock wave FH is

. 2
x = xH+(yy2yH)[xF—xH—2yFtan (O —0,)]
F
. 3
# Ly tan (0, - 00) =205 30 96)
F

The shape of the new bow shock can be solved in a way similar to that for a regular
S-O-S interaction, shown earlier.

3. Results and discussion

The model equations, derived in §2, were solved by MATLAB. Since the equations
comprising each set did not have to be solved simultaneously, a step-by-step solution
procedure was applied. Using this procedure the entire set of equations could be
subdivided into smaller sets which sometimes even consisted of only one equation, e.g.
equation (4) is independent of the rest of the equations in the set of 23 equations given
by (4)—(14). In addition, the solution of some sets of equations require initial guesses
of the unknowns. It was found that the most sensitive ones were the angles while the
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FIGURE 14. Dependence of the transmitted shock wave angle, w, on A. Open and solid circles are
numerical results of Kutler ef al. (1975) for two seats of parameters, respectively.

flow parameters (e.g. Mach number, pressure, density, etc.) were not too sensitive.
Whenever a solution converged to an aphysical solution the initial guesses for the
angles were changed and the solution process was repeated. In all the calculations, the
specific heat capacities ratio was y = 1.4.

In order to check the accuracy of the model developed here, the predicted values of
the transmitted shock wave angle, w (see figure 3a), v = ¢,(A)+¢,(4A)—0,(A)+[—10,,
which is considered to be essential for the subsequent analysis, were compared with
Kutler et al.’s (1975) numerical results. For the two cases shown in figure 14, the
agreement between the analytical and the numerical predictions is excellent. It should
be noted here that the ‘broadside’ shown in figure 14 is now defined as A = in—p3,
rather than A = Jn—0,, as defined by Kutler et al. (1975), because when A > {m— f3, the
impingement shock wave (i) cannot begin to interact with the bow shock wave (b) at
the leading edge of the wedge.

As mentioned earlier, the transmitted shock wave (t) reflects over the wedge surface
as either a regular reflection (RR) or a Mach reflection (MR). When its strength and
orientation are known, the RR«< MR transition criterion can be obtained by
combining (19)—(23) with the following equation:

sin, ¢(R) = GO+ D MR —1+[(y+ 1) (1+3(y — 1) M3(R)

1
yM3(R)
+15(y + 1) M3(R)]VZ 97)

which was derived from von Neumann’s (1943) detachment criterion. Note that in the
present case, the flow field ahead of the shock pattern is not at rest. This differs from
pseudosteady shock wave reflections in shock tubes where the flow ahead of the shock
wave is quiescent. The transition criterion for 6,, = 11.2°, M =5 and 0, = 30°,
M, =3.15inthe (A, M/)-plane is shown in figure 15. Kutler et al. (1975) found numeri-
cally that for 6, = 11.2°, M, = 5 and M, = 1.24, the RR <> MR transition takes place
at A,, = 21.67°, while the present predicted value is A,, = 22.59°. For the second case,
0,=30° M_ =315 M,=2 and A =0, Kutler et al. (1975) obtained a RR wave
configuration while Merritt & Aronson’s (1967) experiment and the present prediction
indicates a MR wave configuration, although the values of the transmitted shock angle,
w, were very close, i.e. w =49+1° in the experiment, 50+1° in the numerical
calculation and 49.95° in the present analytical prediction. The disagreement between



120 H. Li and G. Ben-Dor

40F T T T T T =

- &VZl]éT

20 °°¢_
;“tr 0 E_

(deg) °F ;
g 0,=30° E
20 w 3
20 F M, =3.15 ]
—40 E PRI N (S WA T N I U S TS ET S SR T S S S
1.0 0.8 0.6 0.4 0.2 0

Py/P,

FIGURE 15. Dependence of the RR <> MR transition angle, A,,, on the strength of the impinge-
ment shock wave, P,/P, or M_. The open circle is a numerical result of Kutler et al. (1975).
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FIGURE 16. Dependence of the triple-point trajectory angle, y,, on A for 6, = 11.2°, M =5,
M, = 1.24. The open circle is a numerical result of Kutler et al. (1975).

the numerical simulation and the experiment was explained by Kutler ez al. (1975) as
a result of the shock wave/boundary interaction. This explanation is questionable since
as shown by Ben-Dor (1991), the viscosity only marginally influences the transition
angle. Note that the present predicted RR <« MR transition for the above listed
conditions occurs at A,. = 12.37°. Consequently, since the difference between A = 0 and
A, = 12.37° is clearly not marginal, the difference in the overall phenomenon cannot
be attributed to the neglect of viscous effects.

The prediction of the triple-point trajectory angle, y,, is essential for the study
of Mach reflection wave configurations. The dependence of y, on A is shown in
figure 16, which indicates that y, decreases as A increases. Note that the transition is
reached at a point where y, is not equal to zero. This is consistent with the results for
pseudosteady shock wave reflections in quiescent gas.

It is interesting to compare the triple-point trajectory angle of a Mach reflection
between the cases in which the gas ahead of the wave configuration is quiescent and
non-quiescent (the present case), for an identical shock wave strength and incident
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FIGURE 17. Dependence of the triple-point trajectory angle, y,., on the incident angle, » for 6, = 30°,
M, =3.15 and M, = 2. Solid line — non-quiescent gas ahead of the shock pattern; dashed line —
quiescent gas ahead of transmitted shock wave.
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FIGURE 18. Comparisons of the present predicted normalized maximum surface pressure of the
Mach reflections with Smyrl’s (1963) and Miles’ (1965) models.

angle. As shown in figure 17, y, for a quiescent gas (dashed line) is larger than for a
non-quiescent gas (solid line). Similar results were obtained by Li & Ben-Dor (1995)
when their shock—shock relations were applied to a non-quiescent gas.

The maximum pressure on the wedge surface is reached behind point R (region (5))
for RR (see figure 3a) and immediately behind the Mach stem (region (6)) for MR (see
figure 3bh). For a Mach reflection, Smyrl (1963) and Miles (1965) developed
approximate methods, based on the perturbation theory and the geometric shock
dynamics theory, respectively, to predict the wedge surface pressure behind the Mach
stem. Their models were limited to very small wedge angles, i.e. 6, < 1rad. The
dependence of the predicted normalized maximum pressure, I" = (P,— B,)/vP,0,,, on
M, is shown in figure 18. It was found that for 6, =0.1rad, M, > 3.5 and 0, =
0.01 rad, M, = 2, the values predicted by the present model are located between
Smyrl’s (1963) and Miles’ (1965) results, who assumed 6,, < 1 rad in their models.
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FIGURE 19. Dependence of the predicted maximum surface pressure P, . /F, on A for both regular
and Mach reflections for 6, = 11.2°, M =5 and M, = 1.24. Dashed line — approximate theory of
Lagow & Murad (1975); solid circles — numerical results of Kutler et al. (1975); open triangles —
experimental results of Ruetenik et al. (1973); open squares — characteristic method of Miller et al.
(1964); solid line — present results.
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FIGURE 20. The relation between the original bow shock wave angle 4 and the new bow shock
wave angle f in the domain (M, M) for a head-on interaction (A = 0).

The dependence of the predicted maximum surface pressure P,,,,/ P, on A for both
regular and Mach reflection wave configurations is shown in figure 19. For the RR
case, the present prediction agrees well with the numerical (Kutler et al. 1975), the
experimental (Ruetenik, Cole & Jones 1973) and the approximate theoretical (Miller,
Schindel & Ruetenik 1964) results. For the MR case, the numerical predictions are
smaller than the present analytical predictions. Since no experimental data are
available to the authors, it is not clear which of these two predictions is closer to the
actual values. Overall, the present analytical model is superior to the approximate
theory (dashed line) developed by Lagow & Murad (1975). It is clear that P,,./P,
jumps during the RR <> MR transition. This is a well-known feature predicted by von
Neumann’s (1943) two- and three-shock theories. Its experimental confirmation is
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FIGURE 22. Surface pressure distribution for 6, = 11.2°, M =5, M = 1.24 and A = 22.8°. Open
circles — numerical results of Kutler et al (1975) sohd line — present analytical results.

somewhat difficult because the peak pressure jump in an unsteady configuration may
be of extremely short duration. The existence of a pressure jump contradicts the so-
called mechanical equilibrium criterion for RR <> MR transition (for details see Ben-
Dor 1991). This jump predicted by the present model is greater than that predicted by
the numerical simulation and smaller than that predicted by the approximate theory.

The relation between the original bow shock wave angle, /5, and the new bow shock
wave angle, £, in the (M, M )-plane for a head-on S-O-S interaction (A = 0) is shown
in figure 20. It is evident that p* > p for M, >5.

The dependence of the position of the sonic front BD (see figure 3a) on A, for 6,, =
11.2°, M, =5 and M, = 1.24, is shown in figure 21. One numerical datum of Kutler
et al. (1975) lies very close to the analytically predicted value.

The pressure distribution along the wedge surface is presented in figure 22. The wave
configuration, for the given set of parameters, is a regular reflection. It is clear that a
transient pressure pulse is introduced at the reflection point R, and that the maximum
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FIGURE 23. Comparison between the predicted wave configuration and the numerical simulation
of Kutler et al. (1975) for A =22.8°,0,=11.2°; M =5 and M, =124

surface pressure is reached immediately behind it. Then the pressure remains constant,
until point I, where the leading expansion wave reaches the wedge surface (see figure
3a). Then, the pressure drops monotonically to the value at point J, where the rear
expansion wave reaches the wedge surface (see figure 3a). The location of points I and
J can be determined from the following equations:

IR _ sin yy in [, (K) — 0,(K) +15(K)] %)
OR _ Sin [y + 6y (R)— O5(R)]sin [,(K) — 0(K) +15(K) — 6, (R) + O,(R)]
JR _ Sin e sin [5(K) — 05(K) — 0u(K) + 1(K)]
OR _ sinlyx+¢5(R)—0,(R)Isin [¢5(f<>—65<1<>—e7<1<)+u7<f<>—¢5<R>+65(R>](’ )
99

where u5(K) = arcsin[1/M (K)] and p,(K) = arcsin[1/M,(K)].

The minimum surface pressure is obtained at the point at which the isobar line
emanating from point C connects, which is located between points J and D. The
accurate location of this minimum surface pressure point cannot be predicted by the
present model. Instead, it was approximately determined by using an arc, which was
assumed to have the same source centre as the sonic front, to connect it with point C.
From the leading edge to the sonic front, the pressure remains constant. Comparison
of Kutler’s et al.’s (1975) numerical data with the present predicted results indicated
that the agreement between them was, in general, very good except for the minimum
pressure value.

A comparison of the analytically predicted wave configuration and the appropriate
numerical simulation of Kutler e al. (1975) for A =22.8°, 0,,=11.2°, M =5 and
M, = 1.24 is shown in figure 23. Good agreement is evident.

The above results and discussion are for the regular S-O-S interactions. Regarding
the irregular S-O-S interactions, one should first determine the conditions for their
existence, i.e. obtain the transition criterion between the regular and the irregular S-O-S
interactions. The necessary conditions for the existence of a regular S-O-S interaction
are My(4)>1 and M,(4) > 1, which means that point A is isolated from the
downstream disturbance. It can be easily shown that

M(A) > My(4) if M,<M,,
and My(A) > M,(4) if M,> M,
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FIGURE 24. Regular to irregular S-O-S interaction transition criterion in the (A, M )-plane for
(a)0,=11.2°, M =5, and (b) 0, =20°, M = 5.

Here M, = M _sinf is the strength of the original bow shock wave (b). It is clear
that M,(A) = M,(A4) only when M, = M,. Similar to the sonic RR <> MR transition
criterion, it is hypothesized here that the transition criterion between regular and
irregular S-O-S interactions is M,(4) > M,(A4) =1 or M (4) > M,(A) = 1. Further-
more, since the S-O-S interaction is associated with a wedge, the transmitted shock
wave (t) must reflect over the wedge surface. If it inclines forward, i.e. w > 3w, the
reflection becomes impossible. Therefore, an additional necessary condition o < &7 is
needed for a regular S-O-S interaction. Combining the above two requirements, the
transition criteria can be summarized as

I M, (A)>M,A)>1, w=1in
I MA)>M,A) =1, vo<ln
I M,A)>MA)>1, ow=1in
IV MyA)>MA) =1, w<ln

The transition criteria in the (A, M,)-plane for 0, =11.2°, M_ =S5 and 0, = 20°,
M, =5, are shown in figures 24(a) and 24(b), respectively.

} for M, < M,,

} for M, > M,.
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The transition criterion in the (A, 6,)-plane for M =5 and M, = 1.2 is shown in
figure 25. It is important to note that irregular S-O-S interactions always occur for
negative values of A. In other words, head-on S-O-S interactions, for which A =0,
cannot result in irregular S-O-S interactions. This finding contradicts Smyrl’s (1963)
hypotheses, who claimed that three different types of head-on S-O-S interactions are
possible for a slender body (¢,, < 1 rad), i.e. non-intersection tangents (regular),
intersection tangents (regular), and single tangent (irregular). It should be mentioned
here that neither Merritt & Aronson (1965) nor Brown & Mullaney (1965) recorded
irregular S-O-S interaction cases when they conducted head-on S-O-S interaction
experiments with a slender wedge and a cone.

Finally, a predicted irregular S-O-S interaction wave configuration is shown in figure
26. As expected, the Mach stem (m) is short, and the refracted bow shock wave (1) is
convex toward the wedge. This is due to the fact that a family of compression waves
propagates towards region (6) (see figure 4) rather than a family of expansion waves
which exists in regular S-O-S interaction (see figures 3a and 35).

Similar to the regular S-O-S interaction case, the analytical model of the irregular
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S-O-S interaction should also be validated by comparing its predictions with
experimental results. Unfortunately, however, to the best of the authors’ knowledge,
such experiments do not exist yet. The present analysis can help towards better
understanding of shock wave irregular S-O-S interactions, which are considered more
complicated than shock wave reflections since the former contain two unequal strength
shock waves, and they propagate towards a non-quiescent gas.

As a final remark it should be noted that Kutler ez al. (1975) found that their two-
dimensional numerical results agreed well with three-dimensional (cone) experimental
data, especially for the maximum surface pressure which is a major concern of the
S-O-S interaction. Consequently, it is probable that the two-dimensional model
developed here may also be applied to three-dimensional S-O-S interactions for which
it is impossible to develop an analytical model since they contain non-uniform conical
flow regions.

4. Conclusions

The unsteady inviscid two-dimensional flow field and the wave configurations, which
result when a supersonic vehicle strikes a planar oblique shock wave, were modelled
and analytically predicted. Based on the two- and three-shock theories, the geometric
shock dynamics theory and some approximations and simplifying assumptions, both
regular and irregular shock-on-shock (S-O-S) interactions were investigated, and the
transition criterion between them was suggested. In the case of a regular S-O-S
interaction, the transmitted shock wave reflects over the vehicle body surface either as
a regular (RR) or a Mach reflection (MR) depending on the inclination angle and the
strength of the impingement shock wave. A pronounced peak surface pressure jump
was found to exist during the RR <~ MR transition. A RR «+» MR transition criterion
for the case of a non-quiescent flow ahead of the shock pattern was proposed.

Compared with their experimental and numerical counterparts, analytical pred-
ictions are relatively easy to model. They result in a physical description of the wave
pattern and the flow field including the peak surface pressure. The results based on the
model developed here agree better than existing approximate theories with both
experimental data and numerical simulations.

Finally, it should be noted that, to the best of the authors’ knowledge, no numerical
simulations have been published following those of Kutler et a/. (1975) and Kutler &
Sakell (1976). Consequently, a comparison of the present analytical predictions to
simulations using state-of-the-art numerical codes is not possible at present.
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